
S T E A D Y  F R E E  C O N V E C T I O N  I N  V I S C O P L A S T I C  L I Q U I D S  

Z .  P .  S h u l ' m a n ,  ]~. A.  Z a l ' t s g e n d l e r ,  
a n d  V .  I .  B a i k o v  

UDC 536.25:532.135 

The formulat ion and solution a re  given for the ex te rna l  p rob lem of the s teady f ree  convection 
of a v iscoplas t ic  liquid. 

The widespread application of non-Newtonian liquids in var ious  p r o c e s s e s  of chemica l  technology and 
power engineer ing is respons ib le  for  the heightened in te res t  in p r o c e s s e s  of heat  exchange in these media ,  
pa r t iou la r ly  during f r ee -convec t ive  mot ion.  Up to now the prob lem of f ree  convection under the conditions 
of the ex te rna l  p rob lem has  mainly been examined only in nonplastic liquids [1, 2]. However ,  many indus-  
t r i a l l y i m p o r t a n t m e d i a a r e c h a r a c t e r i z e d b y a  fini, ~, yield~point~ i.e.,  they display p las t ic  p r o p e r t i e s .  In 
the single r e p o r t  known to us  [3] which is devoted to an examinat ion of f ree  convection in a v iscoplas t ic  
liquid under the conditions of the external  problem the formulat ion of the p rob lem is incor rec t ,  since it 
does not take into account a specif ic  p rope r ty  of these  media : the f ini teness of the region of flow. The 
formula t ion  and the method of solution of p rob l ems  of f r ee -convec t ive  motion in v i scoplas t ic  liquids a r e  
given in the p resen t  r e p o r t .  

Let  us examine the f ree  convection near  a ver t ica  I cyl inder  of constant  radius  submerged  in a Schvedo-  
Bingham viseoplas t ic  liquid. I t  follows f r o m  physical  cons idera t ions  that with s teady f r ee -convec t ive  m o -  
tion of a v iscoplas t ic  liquid the ent i re  region under considerat ion in the genera l  case  can be divided into five 
zones: I) v i seoplas t ic  flow (Ou/Oy > 0); II) quasisolid motion (0u/By =0); IH) v i scop las t i c  flow (Ou/Oy < 0); IV) 
v iscoplas t ic  flow (0u /0y_  0, @=0); V) s ta t ionary  liquid (u =0) (Fig. 1). 

The d imens ionless  equations of motion,  continuity, and ene rgy  in the bounda ry - l aye r  approximat ion  
for  a coordinate sys tem connected with the surface  of the body have the fo rm (it is a s sumed  that  the th ick-  
ne s s  of the boundary l ayer  is much less  than the radius  of the cylinder):  

ZoneI .  (0 --< y < Yl): 
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Fig.  1. D iag ram of flow. 
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Fig.  2. C h a r a c t e r i s t i c  curves  of heat  exchange and f r i c t ion  
as  funct ions of: a) the p las t ic i ty  p a r a m e t e r  B [.4 = (1.33 �9 105)1/4]; 
b) the longitudinal  coordinate  (R =0.004,  Grv l05~ .  

a o  t o o  t 1 a~ot 
u l ~ + v l . . a y  = pr ag ~ ' 

boundary  condit ions:  

at (x, O) = O; vt (x, O) = O; Ot (x, O) = 1; du~ (x, YD = O; 
ay 

Zone II.  (Yl -<Y-<Y2): 

u,-..du~ = Ctrt/' ~ + "v + 01; 
OV 

+ Or, = 0 ;  
dx Oy " 

u, not no2 1 0 ~  
Ox + v 2 0 y  = Pr 0 ~ '  

boundary  condi t ions:  

~(x, Yi) = R; 

Zone IH. (Y2 <Y <Y3): 

O,(x, y , )=O, (x ,  y,); 002(x, Yl) 081(x, YO. 
c)u Oy 

v,(x, YD = v,(x, y,); 

raus dun _ a~us 
ua ~ + v3 Oy - O~ R + O s ;  

au_.l~S + av.__.~s = 0; 
ax ay 

aos'~ a o  s 1 ~Os  
u , T  + vs' oy = pr ay ~-' 

boundary  condi t ions:  

u3(x, y,)=u~(x, YO; vs(x, y , )= v,(x, y,); O~(x, yj)---O,(x, y,); 

Zone IV. (Y3 < Y -<Y4): 

Ou8 (x, y~) = O; 003 (x, y~) = 002 (x, y~). 
Oy Oy Oy 

O~ (x, Ys) = 0; [OOs(x' y~) = 0; 
ay 

Ou 4 au~ 02u4 au, av* = o, 
u" + o,  -- o- - -  R; T ; /  + o T  

boundary  condit ions:  

T (x, y,) = - -  R; 

(i) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 
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Fig. 3. Coordinates ~71 and ~72 of 
boundaries  as functions of the p las -  
t ici ty pa rame te r  R[A = (1.33 �9 105)1/4]. 

u,(x, Y3)=u3(x, y,); Ou,(x, y,) = au~(x, y,) . 
ay ay ' 

(s) 
v,(x, y,)=v,(x, y,); u,(x, y, )=o;  au,(x, y,) =o .  

oy 

The resu l t s  of [4, 5] on the forced flow of viscoplast ic  l i -  
quids were  used in the derivat ion of the system of equations 
(1)-(8). 

The pa rame te r  R =T0/Praeg(T 0 -- T~) which was introduced 
cha rac t e r i ze s  the ra t io  of the plast ic  (yield point) and buoyant 
(Archimedes) s t r e s s e s .  This pa rame te r  has ad e t e rm in ings ign i -  
ficance in the f ree -convec t ive  motion of viscoplas t ic  l iquids.  

F r e e c o n v e c t i o n  in viscoplast ic  liquids is charac te r ized  by the essent ia l ly  finite region of the flow 
which, as is known, prevents  one from finding completely se I f - s imi la r  solutions.  A locally se l f - s imi l a r  
solution of the problem is constructed in the presen t  work.  This method is widely used in problems of the 
f ree-convect ive  motion of purely viscous media [6, 7]. 

Through the introduction of new dependent and independent var iables  

y {4x ~3/4 
~I= (~x_),/, ; ~F,=/,(,l.X) -~-1 (/=1.2.3. 4). 

where the s t r eam functions a re  determined by the equations 

, _  O~Fl . aT ,  (i = 1, 2, 3 ,  4), , - - -~y,  v,=-- O ~  

the problem (1)-(8)in the approximation of local se l f - s imi la r i ty  is reduced to the following problem 

Zone I. (0 <-_7/<~?1): 

f[ + hf; ~- ~ ql)' + R + o, = 0; 

boundary conditions: 

Zone If. #71 -<~7 -~/2): 

o ,+PrhO~ =o ,  

f ,=O;  f~=O; 0,=I a t  11=0; ~ = 0  a t , q=~ i , ;  

�9 "-  {--~ V~)'---c-- o~ } A = o; 

o; + p q ,  o~ = o, 

(9) 

(I0) 

(11) 

boundary conditions: 

�9 = R ;  0 2 = 0 1 ;  0~=01 at n = % ;  
(12) 

ZoneIII. ~Tz < 7? ~'/s): 

boundary conditions: 

2 
f; -~ f J ~ -  T (f~)*- ~ + o, = o; 

o; + pr h o; = o, 

h = h (%) + f~ (%) (~,-- nl); g -- f~ (%); 
f ; = o ;  % = % ;  o ; = o ;  at ,1=,1,; 

O s = O ;  0 ; = 0  a t  n='13;  

(13) 

(14) 
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Zone IV. ha < 77 -<174): 

2 
f ;  + f , f ; -  --~ q;), - ~ -- o, 05 )  

boundary  condit ions:  

f , : f a ;  [ ~ : f a ;  f ~ : f ~  at n=~13; 

f : 0 ;  f4=0 at ~l:~l,, (16) 

where  the p r ime  denotes different ia t ion with r e s p e c t  to ~, and A = (4x/3Gr) 1/4. 

I t  follows f r o m  physica l  cons idera t ions  that in the quasisol id  zone u 2 =const{y), f r o m  which f ~ ) =  
f{~01) =cons t .  Consequently,  

h (n) = f, (n,) + f', (~0 (7 - n,) (17) 

The numer i ca l  solution of p rob lem (9)-(16) with allowance for the condition (17) was obtained on a Minsk-  
22 compute r .  Some r e su l t s  of the calculat ions a re  presented in F igs .  2-3 .  Both the heat  exchange and 
the f r ic t ion at the sur face  of the hea te r  inc rease  with g r e a t e r  dis tance f r o m  the leading edge of the cyl in-  
der  (Fig. 2). In addition, it follows f r o m  Fig.  2b that the approximat ion  of local s e l f - s i m i l a r i t y  is well 
just if ied,  s ince with a var ia t ion of two o rde r s  of magnitude in the longitudinal coordinate  we have 

a [ - -O'(x,  O)]xl <0.003; af'(x, O)xl <0.015.  
l - -  O' (x, 0)] x, I" (x, o) x, 

Intensif icat ion of the p las t ic  p r o p e r t i e s  (an inc rease  in the p a r a m e t e r  R) leads to suppress ion  of the 
f r ee - convec t i ve  motion,  i . e . ,  to a sharp  dec r ea se  in both the hea t -exchange  andthef r ic t ioncha~=acter i s t ics  
(Fig. 2a), with the width of the quasisol id  zone (~ =772 --771) inc reas ing  as this happens (the ra te :of  growth 
is espec ia l ly  not iceable  for  smal l  R) {Fig. 3). I t  follows f r o m  phys ica l  cons idera t ions  that the th ickness  
ot zone H r e m a i n s  finite upon approach  to the leading edge, i . e . ,  the motion takes  place in a zone of non-  
ze ro  th ickness  as  x ~ 0 ,  which is an impor tan t  difference f r o m  the flow pa t te rn  in a pure ly  v iscous  med iu m.  
We should note that the p resence  of two quasisol id zones in the f r ee - convec t i ve  flow of v i scop las t i c  media 
qual i ta t ively  d i f ferent ia tes  th is  type of flow f r o m  externa l  p rob l ems  of forced convect ion.  Moreover ,  in 
forced convection because  of the infinite s t r e s s e s  in the region of the leading edge of the body the th ickness  
of the zone in which the veloci ty d i f fers  f rom the veloci ty  of the ex te rna l  flow (quiescence for the case  of 
the movemen t  of a body in a s t a t ionary  medium) approaches  ze ro ,  which once again  differs  qual i ta t ively  
f r o m  the case  of f r ee -convec t ive  mot ion .  

N O T A T I O N  

x = x ' / L ,  y = y ' /L(Grl /4) ,  d imens ion less  coordinates ;  x ' ,  y ' ,  d imensional  coordinates ;  u =u'  ~ g ( T  0 --  
T~)]-I/2; v =v '  [Lfig(T 0 --  T~)] -i/2 Gr  I/4, d imens ion less  veloci t ies ;  L, c h a r a c t e r i s t i c  size;  f/, vo lumet r i c  
expansion coefficient;  P r  =~pCp/X, modified Prandt l  2 number ;  Gr = (o/~la) L fig(T 0 --  T~), Grashof  number ;  
|  (T -- T~) / (T 0 -- Too), d imens ion less  t empe ra tu r e ;  T 0, T~, temperatui-e  at  wall and a s y - - * %  re spec t ive ly ;  -~ 
%, yield point; #p, p las t ic  v i scos i ty .  
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